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Abstract. We prove that for a toric manifold M, any graded ring 
isomorphism H*(M) — > H*(YYiLi CP"') is induced by a diffeomorphism 
Flfei CP™ 4 — > M. 

1. Introduction 

The cohomological rigidity problem for toric manifolds asks whether the 
integral cohomology ring of a toric manifold determines its topological type 
or not. So far, there is no negative answer to the question but some positive 
results. In [2] , the authors with M. Masuda show that if M is a toric manifold 
whose cohomology ring is isomorphic to that of Y\aLi CP"*, a product of 
complex projective spaces, then M is actually diffeomorphic to n^Li CP n % 
which gives a positive result to the cohomological rigidity problem. 

On the other hand, one might ask a stronger question as follows. Let M 
and ./V be two toric manifolds. Suppose there exists a graded ring isomor- 
phism (p: H*(N: Z) — > H*(M : Z). Then does there exist a diffeomorphism 
(or homeomorphism) g : M — > N such that g* = (pi 

We call this question the strong cohomological rigidity problem. This 
problem was actually suggested by the referee of the paper [2J, which we 
could not answer until the paper [2J was set for publication. 

In this article, we would like to answer the strong cohomological rigidity 
problem for the case when N = n^li CP ni . Namely, we prove the following 
theorem. 

Theorem 1.1. Let M be a toric manifold. If there is a graded ring iso- 
morphism ip : H*(M) — > H*(Y\™ =1 CP rii ), then there is a diffeomorphism 
f : fl™ 1 CP"' -» M such that f* = if. 

Combining Theorem 11.11 with [lj Theorem 8.1], we obtain the following 
corollary which generalizes [H Theorem 5.1] treating the case where Uj = 1 
for any i. Note that a quasitoric manifold is a topological analogue of toric 
manifold, which was introduced by Davis and Januszkiewicz in [3]. 
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Corollary 1.2. Let M be a quasitoric manifold. If there is a graded ring 
isomorphism ip : H*(M) — > H* (112=1 CP ni ), i/ien i/iere is a homeomorphism 
f : UZi Cpni -» M suc/l ^ /* = ¥>• 



2. Proof of Theorem 11.11 
Let R = Z[xi, x m ]/ < x^ +1 : i = 1, . . . ,m >^ H*(U™ =1 CP"-). 

Lemma 2.1. Let y = Y^=\ a j x j e R such that ai ^ /or some i. T/ien 
//"• in R. 

Proof. Suppose y ni = on the contrary. Then y ni must lie in the ideal 
generated by the polynomials x™ 3+1 for j = 1, . . . ,n. Since ^ 0, y ni = 
(X)jLi a j x j) ni mus t contain the nonzero monomial term of x™\ However if 

a nonzero multiple of a power of X{ appear in the ideal generated by x™ j+1 
for j = 1, . . . , m, then the exponent must be at least Hi + 1, which is a 
contradiction. □ 

Lemma 2.2. If tp is a graded ring automorphism on R, then there exists a 
permutation a on {1, . . . , m} such that m = n a u\ for all i = 1, . . . , m and 

lp(Xi) = ±Z (r (i). 

Proof. Let ip(xi) = YlJLi^ijXj f° r i = l,---,m. Since ip is an automor- 
phism, deti? = ±1, where B = Note that the positive integers 
rti, . . . , n m need not be distinct. Let S = {N±, . . . , \ N± > ■ ■ ■ > iV&} be 
the set of distinct numbers from rii, . . . , n m , and let fj,: {1, . . . , m} — > S be 
the function defined by = nj. Let Ji = /i _1 (A^) for I = 1, . . . , k. 

Claim : B is conjugate to a block upper triangular matrix by a permuta- 
tion matrix. 

Since x^ +1 = in R, = = (£f=i hjXj) ni+l . Therefore, by 

Lemma EUl fyj = if rti < nj. Hence by an appropriate permutation of the 
index set {1, . . . , m}, we may assume that ni > rt2 > • • • > ra m and 1? is an 
upper triangular matrix of the form 

/ c Jx 

V c>* / 

where Cj e is the matrix formed from bij with i,j € J^. This proves the 
claim. 

Now let J K i = \J{N e s\N<N e } / u ~ 1 (^ r )- By the Previous claim, if & G J^, 
then we may write = EjeJ* ^i^i + YljeJ e bkjXj- Let us denote = 

SjeJ^ and w t = SjeJ <£ ^i^i for simplicity. Then tp(xk) = Z£ + u>*. 

Therefore, 

o = = ^ + + (^ 2 + + • • • . 

We note that Z£ ^ since det B = ±1. On the other hand, there is no way 
to get the polynomial equation 

N * + A N t _ z N e+ l (Ni + 1\ , v 4 _x 

1 I - z £ +1 2 J f « H 
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in the ring R unless wi = 0. Hence zf e+1 = 0. But then there is a unique 
nonzero bij for i £ Jg, and hence b^ = ±1. 

Therefore, we have shown that B is conjugate to a diagonal matrix all of 
whose diagonal entries are ±1. Therefore if k G Je, then ip sends Xk to ±x,, 
for some i G Je. □ 

Corollary 2.3. Any graded ring automorphism ip on H*(Y\™ = 1 CP ni ) is 
induced by a self-diffeomorphism g on ni=i CP ni , i.e., g* = ip. 

Proof. It is clear that any automorphism ip on Z[xi, . . . , x m ]/ < xf 1+1 : i = 
1,. . . ,m > of the form ip(xt) = ±x a u\ for some permutation a such that 
Hi = is actually induced by a self-diffeomorphism on ni^i CP ni . Hence 
the corollary follows from Lemma 12.21 □ 

We are now ready to prove Theorem[QJ Let ip : H* (M) -> H* (U'lLi CpTH ) 
be a graded ring isomorphism. By [21 Theorem 1.1], there is a diffeomor- 
phism h : M — > JII^i CP™' . Then we have 

iP(M) — ^ #*(]X=i C-P™ 1 ) • 




H*(Y\T=i Cpni ) 
By Corollary 12.31 there is a diffeomorphism 

g : JJCP" 1 -» ]JCP™* 

1=1 8=1 

such that 5* = c/?o/i*. Then </j = (^o/i*)o(/ l *)- 1 = g* o^ 1 )* = (h^og)" 
/*, where 

m 

f — h^og: Y\CP n > -> M 
i=l 

is a diffeomorphism such that /* = 
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